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TUB ING UNDER COMBINED LO&DS,,

By William R. Osgood . . .

SUMMARY

. -- -----

-..—- .——.- .—:-.
—

The results of tests’of rouad heat-treated chromium-
molybderium-st eel tubing are presented. Tests were .made 011
tubing under axial load, bending load, torsional load,
combined bending and axial load, combined bending and tor—
$ional load, and cbm’bined. axial, bending, and torsional
load. Tensile and compressive tests were made to tLeter–
mine the properties of the material. Formulas are given
for the evaluation of the maximum skrength of this steel
tubing under individual or com%ined loads.

The solution of an example is included to show the
procedure to be followed in designing a tubular cantilever
member to carry combined,loads.
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INTRODUCTION ,“s

Some of the tubular members, such as the landing
gear, used in aircraft are subjected to combined axial,
bending, and torsional loads. The design of ‘such members
requires a knowledge of their -strength under various com--

:,

binations of these loads.
.-Q

For a given loading any of the
stresses within the elastic range may be computed; but

.-

these stresses will give little orno information as to
the nearness of failure,

—— --—-.-==-
which occurs in the plastic range.-. - -=

To predict. plastic failures theoretically for any but the
simplest of cross sections and the simplest of stress—
strain diagrams is an insuperable task.

——
In order, the?q– . ____

fore, to estimate the strength at failure under combined
loading of practical shapes made of practical materia~_s,
such shapes must .be tested to failure un_der .$.hedesired ___ ...... _.,
conditions of loading. ..-.-.

The interest of the Bureau of Aeronautics, Navy “
Department, in the strength of round heat-treated chroini.um+... ....–
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molybdenum-steel tubing under com.b~ned loads led to the
transfer of funds to the National Bureau of Stand.ard6. for
an investigation of the. subject. Most of the tests Tre–
viously made under combined loading have been made on ex—
tremely thin section~, so that the results are not appli-
cable to the relatively thick sections that are of primary
interest. Moreover, no tests of heat—treated chromiti—
molybdenum-steel tubing are known to be available.

b

The plan of the investigation consists of a series
of tests under axial load, lending load, and torsional
load alo~e, a series under axial load combined with bend.–
ing load, a series under bending load combined with tor—
sional load, and finally, a sbries in whcich axial load,
bending load, and torsional load act simultaneously. It
was not possible to make tests under torsional load com—
blned with axial load because the clear distance (
(6 diam. ) bet,ween loading points would have “been so great
in order to get away from local effects that the resulting
length of the specimen would h~ve, m’~de large %endi.ng
stresses unavoidable.

.—

.-

The Bureau is indebted to the Summbrill lh%bing Company b
for donation of the tubing.

The author wishes to acknowledge the help received k

from various members of the Engineering Mechanics Section,
particularly from Mr. J. Southall Noble who, assisted in
the most difficult Series of–the tests: namely, those under
combined axial, bending, and torsional loads. Mr. l?oble~s
care and anticipation of things to be done were of inesti—
mable value in obtaining such success as was obtained. —

MA!UU31AL AND TESTS 03’ MATERIAL

The material was round, heat-treated, S.A..E. X4130
tubing. The lowest 0,002-offset tensile yield strength of
the mater,ial tested was 155,000 pounds per square inch,
the lowest tensile strength was 164,00.0 pounds per square
inch, and the lowest elongation in 2 inches of the full
tube was 5 pezcent-. Thus , the tubing did not al% comply +
with the requirements for tubing in any one physical con—
dition specified in Army-Navy Aeronautical Specification
AN–WW–T-850a: Tubing; Steel, Chrome-Molybdenum (34130), “ ._ ~ _
Semless. 13xceptif~~ the requirement for elongation in 2
inches, however, all the tubin&complied with the required
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mechanical p-roperti,es for (H&150) tubing, minimum yield.
strength of 1.35,000 pounds per square inch, “minimti teri-
sile strength of 150,000 pounds yer square inch.

The nominal cross-sectional properties of the tubes
are given in ta%le 1. The. letter in the first column is
the synbol used to identify the size of the tu%iii~ -that
is, outside diameter (,d) and thickness of.wall (t], -.

At least one tensile’specime”n and one compressive
specimen were taken from each tube, -...

All specimens “were marked with,symbols that indi–
cated. by an initial digit the tube from which the speci—
men was cut , by a letter (H) the fact that the material
was tieat treated, by another letter the nominal size of .

the tube$ then ly one or more letters following a dash,
the type of test to which the particular specimeti was to

?)6 subjected, and by. a final digit different, specimens .,
intended for the same type of test. The letters indicat-
ing the nominal sizes of the tu%es” are gi+en $n ta%lk- I?
The letters A,.,B, and .T were used to indicate axial,
bending, and torsional loading, respectively, except. that
TO was used for ,pure torsion and T by itself was used
for tension. The letter C was used to indicate compres-
sive. specimens (axial loading) for which ‘Stress-strain
data were obtained. l?or.exam~l”i, specimen 3HA-BT1 was
cut from tube 3 of h“eat-treated chrom$um~m”olybdenum steel~
II, having the nominal size ,1* inches diameter %y” O.120
inch ‘thick, A (table .~), and was tested. in combined ““
bending and torsion, B?, The final 1 distinguished this
specimen ~rom other Specirnen.s CU* f~o~ tube 3H~; als~
~es%ed in combined bending and torsion, suti”h=as 3HA—BW
and. 3HA—BT2. Specimens ZHA-T, 3HA.-C, and 3HA-To would be - -
tensile, ,.compressive ~ and torsional. specimens, respective-
ly,. cut from tube 3H4. Specimen 3HA-A would, be a specimen
like 3HA-C~ for which only the crinkling strength, not
stress-strain data, would be obtained.

Measured dimensions of specimens w&e used in all”
computations . In geger.al., alternate specimens in a tube

—

were measured. The lengths, minimum and maximum thick-
nesses at each end, and outside diameters at the midd”le
were measured. Most of the measured specimens were also
weighed. The cross-secti~al areas were in most cases
computed from the weights, the lengthsz and th”e-~en’sities;
otherwise, the areas were computed from the average meas-
uretl”d.iameter and the average measured thickness of each
s~ecimen. Similarly, the average thicknesses and” the

—

section moduli were determined from the computed cross—
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sectional areas m“?i the measured outside diameters unless
tha specimens were” not weighed, in which case these quan-
tities were determined directly from the measu~ed dimen- k

sions. !lhe thicknesses, cross-sectional areas, and section
moduli of-specimens adjacent to or between measured speci-
mens were taken equal to those of adjacent specimens or
they were interpolated between values for measured specl–
mens.

“full-tube” specimens in!l?ensile tests were made of
suitable testing machines. Compressive tests were made .
as descri%ed in reference 1, except that new hydraulic
testing machines were used. The three shortest specimens
shown in &igure l(&) are compressive specimens after test.
One of these specimens has still “attached to its ends the , “-
Woodfs-metal castings used to secure somewhat more uniform
conditions at the ends of compressive specimens and of
crinkling Specimensc As in the earlier tests (reference 1)
the machines were” not particularly well adapted for com-
pressive tests, many of the specimeris, although only four
diameters lotig, sb.owing evidence of bending at failure.
T.he’bending may have been due to tt.lting of the platen
caused by yielding of the packing between ram and cylinder *
of the “testing machine. It is believed that the ram of a
hydkauli”c machine designed for cornpressiv6 tests should
be a close”,fl.t in the cyll~der P close enou~h t-o ●-

di.spense with pa-ckiug. Bending ,in ‘the specimens may pos-
sibly also have been induced by exceeding the critical
loads of the” testing machines. An e%cpllent discussion of
this phenomenon may be fcnznd in reference 2.

Strains up to approximately 0.01 were, measured with a
Ewing extensometer on a 2-inch gage length in all tensile
and compressive specimens except one tensile specimen.
Two Tuckerman strain gages on 2-i~oh gage lengths were used
on this specimen.

The moduli of elasticity were obtained from the strese-
strain data by means of deviation curves (reference 3).

,

Two tensile yield strengths were obtained for each tensile
specimen from stress-strain curves: namely, the 0.002-
offset yield strength and the 5/’7E-secant yield strength.
The offset yield strength is well known, the secant yield b
strength is discussed in reference 4. It is the stress at
the intersection with the stress-strain curve,of-a straight
line through the origin having a sl.oye 5/’7X+ where E #

is Youngts modulus. The 5/7E-secant yield strength was ob-
tained for each compressive specimen from &ress-strain
curves . Figure 2 shows typical .stress—strain curves. The
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short cross lines near the tops of the curves, indzicate
the yield strengths, the left–hand lines of the tensile “
diagrams indicating the offset yield strengths. !l?he
mechanical properties are given in table” 1-1..– ‘- ...—

—

In most (18) of the tubes a compressive specimen -
was cut adjacent to a tensile specimen and it was there—
fore possible to” compare the compressive with the tensile

.-

properties unaffected by wide variations along the tube.
In an attempt to correlate the compressive yield strength
with tensile Troyerties, various quantities were filot%ed
against each other. It was found-that the compressive

—

yield strength, S, could be predicted from the tensile
strength, !2, both in pounds p’er square inch, by the
linear relation

s = 7/6 (T– 30,000), 1’74,000 <T < 194,000 (1).

I’igure 3 shows the plotted values and the line represented
by equation (l). The maximum difference between an ob-
served compressive yield strength and the yield strength
computed from the formtia was 7350 pounds per squ~-e i“n-bh‘
or 4.2 percent; the observed yield strength Was lower ~y
this ‘amount. When the compressive yield strength was
plotted against the secant tensile yield strength, a
greater scatter was found than in figure 3“. ..-r-

Some wide variations in mechanical pro~erties y~re _____
found along some of the tubes and may have existed in
others. At one end of tube 2HY the secant yield stren”gth
and the tensile strength were 156,000 and 164,000 pounds
per square inch, respectively, and abaut 100 inches from
this end they were 173,000 an~ 187,000 pounds per square
inch, respectively. The tensile specimen from tube 4HD
was cut from an end and had a tensile strength of 171,000
pounds per square inch. The adjacent compressive specimen
had a yield. strength of 181,000 pounds per square inch.
This yield strength was so much higher th_an would be ex-
pected from the ~esults of the other tests, figur”e 3, tha%”
the tensile strength is believ’ed to hatie %eon abnormally
low. The values for tube 4HD were not use~ in obtaining ““ -
equation (1) and are not plottod in figure 3. Omitting
them in predicting compressive yield strength is on the sa-fe ‘---
side. One other tube, lHY, had” a tensile specimen cut
from one end. +Chis specimen had a tensile strength of
168,00G pounds per ~quare i.ncl+,and there are indications ,

.—
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which will be discussed subsequently, that this value is
also abnormally low. Two compressive specimens from tube ‘
2Hil were abotit 56* inches apart, center to center. The ●

compressive yield strengths of these specimens differed
by 184 pounds per square inch per-inch of distance be-
tween them, or over 0.1 percent per inch.

AXIAL TESTS

The axial tests consisted of the compressive tc%ts
and a few crinkling tests, the only difference between
these two categories be$ng that stress-strain data were
not taken on the crinklirig specimens. Three compressive
specimens after test are shown in figure l(a).

.

The results of the axial tests are given in table
III. The symbols d and t are the outside diameter and
the thickness of the wall, respectively, of the specimen.
The crinkling .strength, fA , is the maximum axial load
sustained by the specimen divided by its .cross-sectional
area. The lower grouy, of points i.nfigure 4shows the
relation between d/t and ?AQ One point, enclosed in
braces (specimen 4HY-C), is in question because the
speoimen was recut fro-m a. specimenj tested under combined
axial, bending, and torsional loading. Otherwise, the
scatter in figure 4 is to be attributed largely to vari-
ations in the properties of the material, particularly
the. compressive yield strength. As discussed in reference

1, the scatter can be much reduced by plotting CJA = +
1 Etagainst - = —
8 Sdm ‘

where dm is the mean diameter, d- t,
.’
of the specimen. Values of 1/6 and GA are given in

table 111 and are plotted as the lower g“roup of” points in
figure 5. !J?hecompressive yield strengths of 28 of the
compressive ~pecimens (~1.1 cxeept 4HY-C) were ‘known accu-
rately, and the relation between OA and 1/s for these
specimens can be given Yy

OA = 0.67 + O.ll~--- 0..0099~ + 0.0003~,
82 4<+<16 (2)

. .-.
b

with a maximum deviati,oh in CJA
P

of 0.020 or le~s than 2
percent. The data in themselves are not considered to
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warrant the refinement implied. in e~uation (2)$ but the
4 use to he made of the data in subsequent estimates of

compressive yield etrengths and In the combined tests
made it seem desirable to approximate as closely as rea—
sonably possible by means of an analytical expression.
The curve represented, by equation (2) is shown in figure 5.
To one familiar with the ‘type of results depicted, the
occurrence of a point of inflection may cause snme skepti-
cism, lut a ready explan&tion may be given. The compres-
sive stress-strain curves of the HA material (1/8 between
15 and 16) all were ap~recia%ly steeper in the -plastic
range than those of” the other material. Consequently, in
accor~ance with Geckelerts theory (references 1 and 5),
higher loads at failure WOuld he expected from the HA
material than if its stress-strain curves had l)een less
steep in the plastic range, specifically, less steep at
the stress at failure.

Specimens’ lHL-A and ~EL–Al were taken between twc
compressive spec$me~s, and their moduli of elasticity and
their yield strengths were estimated by linear interpola–
tion between the values found for the compressive speci-?
mens . The points representing specimens”lHL–A and lHL-A1
in figure 5 are enclosed in brackets. The moduli of elas-

* ticity of the other crinkling specimens were assumed equal
to that of the compre~sive specimen of the tube from which
they came. Their yield. strengths were estimated, as ex–
plained. in a~pendix i!.~from equation (2) and the maximum

—

variation in yield strength found between two compressive
specimens from the same tube, namely 184 pounds per square
ir.ch per inch, all tubes with two compressive specimens
being considered. The points representing these specimens
in figure 5 are enclosed in parentheses. 3’inally, the
point representing specinen 4H~—C is enclosed ip braces,
%ecause it is questionable as mentioned previously, an~
should be left out of consideration. This point f~rtunat-
ly falls shove” the ~urve, and its omission is therefore ~the
safe side.

BENDING TXSTS

The bending tests were made as descri,’bed in reference
1, the specimens being loaded symmetrically at two sec–
tions and essentially the same apparatus with a few prac-
tical mo~ifications being used. Three bending specimens
after test are shown in ftgure l(b).



. .

8 NACA Technical Note No, 896

The results-of’ the” bendin”g tqsts are given in table IV.
The modulus of ’rupture, fB , was computed from the famil–
iar flexure form”ula,

● where H is the m~ximum bending noment sustained, and
z is the section modulus of the cross-sectional area.
The”upper group of points in figure 4 shows the relation
between &/t and fB.” As in the axial tests, the scatter
is pronounced and somewhat more marked than in those tests.
lt seem’s”likely that variation in the mechanical proper-
ties circumferentially as well as Iongiiudinally and frcm
tube to tube enter the picture here. If, for example!
the compressive yield strength of the part of the syecirnen
in compression happened to be relatively low, the bending
strength of that specimen wo’ul,dbe Lawer than if it had
been tested with this part in some other position. With-
out a knowledge of the circumferential.variation of the
mechanical properties nothing can be done to correct for.
their effects, %ut some’thimg can %e.done about that part
of the scatter caused by variation in the average compres—

sive yield strength between specimens, at least to the
extent to which the yield strengths of the individua}
specinens aro known. Again, as in reference 1, OB =

fBdm .
- Et
Sd

is plotted against ~ =— Values of-1/8 .and
6 Sdm

‘B are given in ta%le IV and are plotted as, the upper

group of points in figtire 5. Values of the moduli of:elas–
tici.ty and the compressive yield strengths were estimated
as explained in appendix A. Two specimens, 2HF-B and
2HF-BL, were more than 100. inches away from the nearest
specimen for which a yield strength could be estimated .
with some. degree of assurance and, in view of the large
possible variation in yield strength in this length, about
LO.per5ent, the points representing these specimens in

figure 5 have been enclosed in braces . They are
considered unreliable. Specimen 2HF-B (the lower poinb h

in t-he figure), moreover, was. cut f~’om an end of the tube

. and may well have had an a~nortmally low tensile. yield
strength and possibly a somewhat lowered compressive yield

P

strength.. One other ~oint .is conspicuous: namely.,
the one representing specimen 3HY–B, This specimen also
was cut from an end of the tube, but because it was less
1, ~
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than 100 inches from a specimen with a fairly reliably
known yield strength, it did not seem. justifiable to throw
it out, even though its yield strength was not so well
known as was to be.desired. Other low points in figure 5
similarly represent specimens cut from ends of tubes; but
because not all specimens cut from ends give low values
of ~B s a considerable number of additional tests would

.be necessary to establish a relation between 1/6 and

‘B that could. be said to he definitely-better than onk

based, on the available data. If oul’y specimens ‘-2HT–B-
and 2E3’-B1 are neglected, the relation between aB and.
1/6 can be giyen by

~B = 0.7 + 0.16 ~- 0.~15 $ + 0.000485 1 4<
6

33 -& 16 (3)
.

with a deviation in *B of 6.5 percent for specimen 3HY—3

and otherwise with a“maximum deviation of 4.5 percent. ““ -
\

l?he two curves in fi~re 5 probably should have the s-e
shape: for example, if one of them is markedly concave
downward over part of the ran.geof 1/6 and concave up-
ward over the rest of the range; one would. expect the
other to”,be so also, although the point of inflection .
might not come at exactly the same 1/8. If all specimens
cut from ends of tubes were neglected and a fair curve to
represent the results were drawn, the curve would follow
the sha~e of the curve representing crinkling strength
less closely than the curve shown in figure 5. The curve “
of crinkling strength is well established and the curve
of bending strength should follow it. It therefore se-ems ‘--
that equation (3) is at least as good as, and ~robahly - “ “—
better than, a relation obtained by negl-ecting specimens
cut from the ends of tubes. Including these sp~cimens is
safe because

aB is lowered when they are included.

As in the case of the axial tests, the refinement im-
plied by equation (3) is not justifiable on the basis. of”
the data alone. The use to be made of thes~ data in the
analysis of the c$om%ined tests later, however, made it seem
desirable to approximate.closely”” to then:. The rise in UB
at high values of 1/8 is to be,explaiaed in the.same way,
as the rise in= OA’” at high values of 1/6. ‘
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Z?ORISIONAL TESTS

.

Tho torsional tests wero made as described in rmfer–
once 6. Three torsional specimens after test ar,e shown .
in figure l(c).

The result-s of the torsional tests are given in . ‘
table V. The modulus of rupture in torsion, fT s was

computed from the formula

wher e MT is the m,axirnum twisting moment. The relation

between d/t and fy is shown in- figure 6. The scatter

in the points is due primarily .to variation in the mechani—
cal properties of the specimens. The most significant
property in this respect is prcbably the.~ompressive .
yield strength. In order to introduce this quantity in
a rational manner, the solution for two-lobed buckling
of.a longs thin elastic cylindrical shell under torsion
is examined. Timoshenko (reference 7) finds the shearing

d
str~ss fm = fT A

d
at the instant of buckling to be

given by .

0
3

fm =
75”

“* .2

The theory for plastic. buckling is :n.otknown to have been
worked out, but it is probable that, as in Geckeler~s
theory (reference 1), the double-modulus would a~<~mr on .
the right side of the equation and that a re~atj.c:l could

1be found between the variables —--= ()~$! t
8 s) Tm

and ‘T =
s:

~ ‘m which would he the s“ame for ‘all materials having
s Z--

affinely related stress-strain curves (S necessarily being
the secant yield strength). For the elastic case the re-
lation would be

,
—

P

.

●

r-

&“

*

-.
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(4)

The preceding consi~eratio~s suggest that ~~ be
.

plotted against ~. Values of ‘these nondimensional
66

variables are given in.table V and ha~e leen plotted in
figure 7. Values of the moduli of elasticity and the
compressive yield strengths were “estimat-ed as explained

—
1in appendix A. The re”lation between and TT

‘z
can

be given by

‘T = 0.06(+, - 0,8) + 0.5, ,0m8<~ <3,2 (5)

with a maximum deviation of 5.5 percent. Equation (4) for

elastic buckling, with z =
/- EG;”.2”- ‘galso ‘“ :

represented in figure ‘i’by the dotted curve.
..——. ..

COMBINED .4XIAL AND BENDING TESTS

The combined axial and bend~ng tests-were made in a
horizontal testing machine. I’igure 8 shows the setup for
a test. The ends of the specimen were plugged wiih”snugy
fitting plugs, shown at the right in figure 9. The outer
ends of the plugs contained hardened steel inserts, sh”own
in the top plug in figure 9, and were turned to fdk c’lose-
ly in the ball bearing shown in” the pillow-%l-ock as6Gfib1y
in figure 9. When a plug was pushed into cme of the hall
bearings, its hardenetl insert b“ore on a half—inch steel ““
hall b the pillow-block assembly, shown on the axis QZ
the hall bearing in figure 9. ,.Thepoint of contact be–
tween the hardened insert and the ball was accurately lo: ““
cated. on the axis of rotation of the pillow, blocks. The
capacity of one of the pillow—block assemblies was 20,000
pounds .

——

.—

.—

Tasts were made as follows. The pillow–block assem–
blies were securely fastened to the heads of the testing
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machine with the axes of the pillow blooks’ horizontal and
accurately parallel (fig. 8). Loading clamps (reference 1)

were applied to symmetrically sittiated sections of the
specimen not less than about 6 diameters apart, and the
plugs mentione& previously were pushed into th,e ends of -
the specimen. The specimen was then transferred to the
testing machine, the outer ends of the plugs being 3nserted
in the ball bearifig~ of the pillow-block assemblies; one”
plug was inser”ted first and the head of the machine was
then moved up and the other plug inserted, - An initial
axial load of’ a few hundred pounds,, depending on the size
of tho specimen, was applied.

A deflectome’ter (figs. 8 and 10) was attached to the
middle of the specimen. Since the middle of the spoci–
men assumed a pronouncedly oval shape at failure, it was
thoughfi desirable in the interests of accuracy to measure
the deflection of a horizontal diameter. !The deflectometier
was therefore attached to the specimen by means of two
hard conical points in the ends of a clip that snapped into
di~metr~cally opposite prick—puuched holes in the specimen.
The clip was” fastened to a steel scale sliding in a slotted
frame having a ,vernier.

s.
Deflections could be read directly

to 0.002. inch. The deflectometer was OminOntlY satisfac-
tory. It could be removed from th”e specimen and replaced

.—
e

with a change in reading not greater than 0.001’ inoh and,
with the deflectometer attached, the specimen could be ro-
tated about its axis through several degrees with a change
in reading of the deflection not”.exceeding 0.001 inch.

A dial gage”,shown in figure 8..was attached to measure
the motion of the pillow–block assemblies toward each other
as axial load was ap’plied”.

With the deflectometer and the dial gage attached,
initial-readings of these two instruments were taken, and
then transverse load’ was applied to the speoimen by means.
of hanger-s, an equalizer, and dead weights (fig. 8). The-
axial load was then increased gradually until a maximum
was passed, and frequent readings Were taken of<the axial
load, the deflectometer, the dial gage, an:d the distance
between loaded sections. Three sppcimens after f%ilure.un-
der combined axial and bending load are ‘shown in figure l(d).

Z!ho axial stress,. fa = P/A, was computod as the axial
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load, P, at failure divided by the cross—sectio’nal areas
A, of the specimen. The bending stress was CO~pU*ed from
the flexure formula

wher e I? is the” maximum” benaing moment prod~c.ed bY the
transverse load and the axial load. The moment arm of
the reaction for determining the bending moment produced
by the transverse load was computed. from the initialL_diS—
tancebetween the axis of a set of “pillow blocks and the
adjacent loaded section, corrected for” shortening from
the reading of the dial gage and the distance between the
loaded sections. The bending moment prod.uc~d NY the axial
load. was the product of the axial load and t-h-e-deflection
of the middle of the specimen. . .-

Palues of fa and f~ are given in table ~1. .1! .—
fa and fb were to be plotted against each other, the
points would be found to scatter about a series of curves-
representing different values of d/t. The scatter coul~

f~ ~ against
be reduced by plotting CJa =% and oh = ~

.d

each other. It was found that the effect of different
values of d/t could be much reduced, and perhaps elimi—

nated within the, experimental e~ror , by plotting ~ --

ida
against where UB

—
and uA7A , are computed from equ”i— - “

tions (3) and (2), respectively. Values of ~. far com–
“ Ua

put ing ‘A and UB, and values of Fa* ~-b$ qa and

Ub
r ar”e given in table VI. The, moduli of elasticity and” _____
B

the compressive yield strengths of the individual specimens
were estimated as explained in appmxiixA. The rat..ia ~@ot-

tedage%nst theratiq ~ is shown in figure 11. This
d A’ ..-

figure still shows appreciable scatter, some. of which is
no doubt due to the uncertainty in the yield strengths, a~st”
surely S’O for the 2HY- specimens. The order of these .-
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specimens in the tube was 2HY-T1, =AB, -AB1, -A32, ~A33,
-AB4, -T. Specimen’ 2HY-T was an end specimen with an.
abnormally low tensile strength, The compressive yield
strength estimated from it (see appendix A) would conse-
quently also be abnormally 10W, so that? in interpolating
the compressive yield strengths of the specimens between
2HY-T1 and 2HY-T, abnormally low values would be dbtained
at the 2qY-T end of the interval, The relative positions
of the pbints in figure 11 representing the 2EY- specimens
reflect this situation, the poi”nts for speoimens 2HY-AB2,
-A33, and -AB4 being quite out of line with the points for
specimens 2HY-AB and 2HY-AB1. Again, specimen lHD-AB,
taken next to a crinkling specimen for which the yield
strength is fairly well known, falls in line fairly well
in figure 11; whereas specimens lHD-AB1 and lED-AB2 with -
questionable yield strengths are out of line, Some of the
scatter in figure 11 iS also due to the uncertainty. in the
moment of the axial load. As the maximum axial load is
approached, the deflection increases rapidly relative to
the axial load, and it is dlfficu~t to say just what the
deflection is at the maximum axial load, Frequently no
ohange in axial load is Indicated by the testing machine
,for a considerable variation in deflection (several tenths
of an in.), particularly in the case of the relatively
thick specimens. It seems quite possible, almost probable,
that the d/t-effect still showing in figure 11 is due to
the uncertainty in the moment of the ax,ial load. The ten-
dency in the laborator

Y
‘.~asto underestimate this moment

(on the side of safety , and, as mentioned, the error In

the estimate was likely to be greater for the thick speoi-
mens. If this is SO, the points representing the HA,- and
the HL-tubes should be moved up. This difficulty of deter-
mining the maximum axial load and”the accompanying deflec-
tion is inherent in any testing machine that does not fol-
low through with the load. Dead-weight loading would be
required to, overcome it satisfactorily, The points in fig-
ure 11’have been approximated ta by the equat!on

.

*

● “

r

(6)

and the curve’ represented by the equation is shown In the
figure. !l?hecurve favors low values af aa/OL and tends

to be conservative in g&neral. In most practical cases
in tihich combined .axial and .bending. loads occur, it. is
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believed, that the axial stress will be smaller than the
maximum bending stress, so that the upper half of the
curve is perhays more important than the lower half.

-—

.

The combined bending ~d t,or~~~~~ tests were made
as shown in figures 12 and 23. The tests were made ess6n–

tially in the ssme way as the ben~ing tests, except that
torsion wap int~o~~ced by ~~~ping s~lit pu~~eys to the
specimen at the loaded sections -d loading through wire
rOpeS leaving the pulley= on opposite sides of the speci-

-.

men, ~ulleys with diameters of 12 and 30 inches were
used (the 30-tn. yulleys ~e sho~ in the figures) and~
by varying the span, various combinations of bending mo- . “
ment and twisting moment could be secured, Great diffi–
CUlty was e~erfence~ In gr-pp~ng ~~e specimen in torsion.
The grips shown in ftWre 14 were fina~~y designed ud
worked satisfactorily. ~nug-fi~ting plugs each l+ inches
long were pushed into the specimen to the positions at ‘
which the grips were to be applied. The. specimen was “-
placed in one of”the grips, and three cylindrical Se@e,ntss
ShO~ at the extreme rfght and left of the figure, were

.!

inSerte& in the outer end of the grip smmetric~~~y around
the circumference of the syecimen. Three serrated hard
steel wedges .1 inch wtde, sh-own in the middle of the
figure, were then inserted between the specimen and the
inner end of the &riP at the position of one of the pllZgS

Previously pushed into the sPecimen.’ Thesa wedges slid
On the three plane surfaces shown at the inner end Of the
left-had griy in the figure. Z!hey”were pushed tightly
against the spectmen by ~eme of fin,~thread setscrewS.
By ~lSO ti.ghte~ing the .cyl~~dr~cal seement~ ~g~insfi the .
specimen by means of setscrews, the grty was secwr~ly
held on the specimen with its axis and that of the speci- .
men colinear. The other griy ~as attached in the SamewaY~
opposite hand.. These grips replaced the grips first used,
she- in figures 12 and 13,” and. are shown in figure l=
attached to a specimen. Three combined ‘bending and,to~

. Sional specimeas after fail-e are shown “in fi@re 1(8).
● It is i.nteres”~ing to ~o~pae the orientations of the

~chles in two of the spec~mens ‘with those of the bend~fig” ‘--
an~ torsional specimens.h In the bending and the toisional .

.—

SPeciaens the buc~~~es, when they appearedt formed ~t r’ight
angles and at approximately 45°, respectively to the axis

.-

-.



16 NACA Technical Note No. 89”6

of the specimen. In the combined bending and torsional
specimens the buckles appeared at an intermediate incli-
nation , as would. be expected.

,

The bending” stress, fb, and the torsional stress, ft,

E Mt
were computed from. the formulas f~ = — and ft = — ,

z 22

respectively, where ~ and Mt are the maximum bending
moment and maximum twisting moment. Values of fb and

ft ire given in table VII. When fh and f~ are

plotted against each other, the points are found to scatter
about a series of curves
d/t. As in the combined
scatter could be reduced

f~dm
cr~ = ----

representing different values of
axial and bending tests the
by plotting

ftdm
and T=—

Sd

against each other. As found previously, the effect of
the ratio d/t can be eliminated wi”thin the experimental
error by plotting T /T

T
against ‘@B, where 7T and

cfB are computed from equations (5) and (3); respectively.

Values of 1/6, and 1/6s for Co.mpUt~ng dB and ~~,

and values of ~bs T? ‘b/aB , and T /7T are given in

table VII. The moduli of elasticity and the compressive
yield strengths of the individual specimens were esti–~
mated as explained in appendix A. The values of T/T~

plotted against a@B are shown in figure ’16. Although

this figure still shows appreciable scatter, most of it
can be explained %y variations in. yi.el~ strength along
the length of the tubing. The specimens of tube 3HY were
cut in the order 3-HY-3T, —BT1, -BT2, -BT3, -T, -C, -BT4,
-B!I?5,-B. !Phe order of specimens in ffgure 14 arranged
according to increasing values of, ab/a3 i.s 3HY–BTI,

*

–BT , –BT2, -BT3, -Z+T4, –BT5. It was necessary tn the
absence of other info~mation to assume the compressive
yield strength of all of these specimens to be that of

b

the compressive syeci.men, 3HY—C. It-seems rather evident,

~b

howevm , from the low value of
a

~B (0.123) and the ac–

companying high value of .fi ’(lT072) for specimen 3HY–BT1



NACA Technical Note No. 896 17

that the yield strength of this, specimen was greater
than that of the compressive specimen. It is hardly
conceivable that T/7T could exceed 1. Since specimen

3HY–B T1 was near the end of the tube ,and probably had
a relatively high yield strength, the yield “strength may
be assuned to have decreased from this end. of the tule
to the othor end. If this assumption is made, specimens
3HY–BT4 and 3HY-B T5 which now appear to have low
values of ab/aB an~ T/T~ and were on the other side

of the compressive specimen 33Y-C , would have lower
yield strengths than assumed, and the points represent—
ing them would he raised and moved to the right in fig-
ure 16. The other values for the 3HY-specimens would
also lie nearer the curve. Another tube exhibiting
anomalous behavior in figure 16 is 2HD , Specimen
2HD-B !13 was cut adjacent to a compressive specimen an~ h-

tweon two such specimens; its compressive yield ,strength
should therefore be known rather accurately, and it ap-
pears to bo satisfactorily represented in figure 16 (the
point (0.099, 1.006)). The other threa 2HD specimens,
however , were cut between a com~ressivo specimen and the
end of the tube , and none of them was adjacent to the
compressive specinen. Their yield strengths were all
assumed to he that of the compressive specimen. It seems

.—

probable, from the high value, of + (1.04’7)

assumption was in error and that their yield
wore actually higher t’han assumed. Finally,.
specinons 3HF–BT! anti 3HF–BT.1 gave rather

that this

strengths
values for
‘high values.

Theso two specfnens were U“t from-tho same rela~ive
position in the tube as the three 2HD specimen~ just .
discussed, and their yield strengths similarly may” not
havo been reliable. The compressive yield strengths of
the renaining specimens COUI_d, in general, be eetinated
nore reliably than those of the specinens that have been
n.cntioned. All the errors in the previous discussion
have tacitly %een attributed ,to or,rors in T and ah.

It should be reuembo>ed, however, that Tg and dB

also contain errors and that the”se errors also enter the
pro blcm, although in an unknown way.

.
When consideration is taken of tho anomalous points

in figuro 16, the rol”ation between a~/uB and ‘/TT
can be given reasonably %y

..
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1–-

(7)

!Cho curve represented by this equation is shown in
figuro 16. With tho apparatus at hand combinations of
snallor values of T/Ty ‘and larger values of ub /~B

than thoso “shown,could not be obt’ainod,but, since any
curve roprcsonting the results of tests must go through
the point (1.0, 0) the uncertainty in the lower portion
of the curve adopted is not considered to be excessive,

—

The final series of tests, under com%ined axial,
bending, and torsional loads, were made as shown in
figure 15. The setup is similar to that used in the
co;.lbinedaxial and bending tests, but the transverse
loads were applied .b.~dead weights suspended from oypo–
site sides of two pulleys, thus producing t-orsion as
well as bending. l?he pulleys, 36’ inches in diameter for
these tests, played the same rale:as the pulleys in the
conbzned bending and tbrsional te~ts. The procedure
for uaking a test was practically’ the sane as that for
making a conbined axial and bending testi; The vernier
on the deflectometer was read with a telescope. Three
speciaons after failure are shown in figure l(f).

‘l’heaxial stress, fa=~, was “compute-d as “the axial

load, P, at failure divided by the cross—sectional area~
1if of tile specimen.. The bending. stress fy and the

torsional stress ft were comput$d fron the formulas
M t.._

f~ = $ and ft ==, respectively, where % was the

maximum beading moment and lf~ was the (constant-)

twisting.moment. Values of fat fb, and ft are

given in table ~II~G The previou~ two series of tests
undar combined load indicated that the slgn~ficant
variables to be correlated were ua/uA* ab /aB , and

‘/TT. These quant-ities were ther~fore com,puted for this

last 6eries of tests.’ Values of ~lfb” anti l/is for
coruputing ~At OB , TT from equations (2); (3), and (5)i

.—
-

—

-.
*

-- ——

--
r
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,

values of ua, ~~i an& T; and ~~lues of C@A, cr~/a~ ,

an& T/T~ are given in table VI”II. If the last three vari–

ables are &ssumed to form a consistent ‘set for all the
.-.

conditions of the tests’, a surface which adequately rep-
resents them must he found. The surface must cut the
Oa/CA, ab/,aB- plane and the ‘b/uB , T/7T-plane In-the

curves of equations (6) and (7), respectively. Several
surfaces w“ere tried and, “ sinae the uncer-t-a-intyi-n
ff~./aB was far greater than that in aa /g~ and T/TT,

observed and computed values of ‘~/ffB were compared.

The surface that was finally selected as most nearly rep-
resentative of the test data was

The traces of this surface on the coordinate planes are
shovn in figure 17. Of the 21 sets of obseryed values

—

of ~a/aA, oh/a~, a~d T/~T nine sets’ fell inside the

surface.an&twelTe fell outside. T!here was a distinct
tendency for--~&5” s~ocinens v:ith”low values of a/t to
fall inside the surface. This tendency. may represent a ‘--” -
real d~t —effect but , as explained in tng discussion of
the conbinod axial and b~nd,ing tests, it,may-morel-y re>
resent tho greater uncertainty in estimating the bending
moment arising from the axial load. In the case of the.
thick specimens the moment was. estimated low rather than- ‘–’

——.

high. An attempt was made to improve the estimate by
plotting readings of’ axial Ioad.against d~flectiou and
picking the maximum load from a. smooth curve &rawn through ‘-
the points, but near the maximum load the curve was so
flat for a large range of deflection that a_reliable
maximum and corresponding deflection. could not he read Off.
The only bnswer to this problem” would, seem to be de_ad–

.-J

weight application of axial load, an expensive proce&r-e. -..— —
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APPLICATION TO(HT-18@MATER1AL

All the results of the investigation have been given
in nondimensional form. This YOiill,which is best suited
for presenting test data, is not convenient for practical
use, and it remains to apply the information obtained in
terms of the actual material and its dimensions. Although,
as stated at the beginning of this report, except for the
requirement .f,orelongation, all the material complied with
the required mechanical properties for HT–150 tubing,
nevertheless the material is more nearly representative of
the HT-lao tu%ingl minimum required yield strength of
165,000 pounds per sq”uare inch and minimum required ten– “-
sile strength of 180,000 pounds per square inch. It will
therefore he assumed that it does ”represent H!I-180 tull–
ing. In order to apply the various equations represent–
\ng the results, the modulus of elasticity and the com–
pressive yield strength to be expected, of.material just
complying with the specification Wust be known. The
average modul s found Yor the compressive specimens was

= 29.5 X1O ~3 pounds per ‘square: itich. The compressive
yield strength, S, is obtained from equation “(1) (T =
180,000) as 175,000 pounds per” square inch. With these
values of ~ aad S the several” equations of the repbrk
nay be transformed.

f~ =11!7,200

The crinkling strength becomes from equation (2)

‘+m??+ml’””” <‘-<‘3”’4

.

r

-.
—.-

-.
..—

. ,!=

=_

●

(9)

..-

The curve represented by this equation is shown in figura 4.

The “modulus of rupture becomks from equation (3)

The curv’e represented by this equation is shown in figure4.

The nodulus of rupture in torsion becomes from equa-
.-. J-

tion..(5’).
?’9100$

()

4.051’
‘T=d’ l+—

d
, 10:54 <$ < 39.14 (11)

—-
t .= ~.–l

.—
-“

s

.-

r
-.
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The curve represented by this equation is showri in figure 6.

Xquations (6), (7), and (8) for com%ined loads be–
come simply

(13)

-.
.

respectively, where fa? fb, and f~ are the components cf

stress arising from the actual loading, ~nd
.

fA,. fB, and

fT have the values given by equations (9), (10), and (11)

for the particular d/t of the tube being considered. It
should be noted that all the eqiations represent ma”ximum
conditions, that is, conditions, at failure. In the pres—
ence of axial load, f~ must therefore include the hend—
ing stress produced. by this loa,d since this stress may
be considerable at faiJ.ure. !S!20”estimate it reqtiires a
knowledge of deflection at failure; use of the deflection
under the .assumpt.ion of elastic conditions will not be
safe. The actual deflection is known only for the par–
titular conditions of the tests. Many additional tests
would be required to determine this deflection for an ap—
pr’eciable. number of other typeq of Ioadifig. It is sue ‘“

. &ested, therefore, that for other types of loading the
actual deflection be considered to bear the same relation
to the elastic deflection as the actual deflection of the

. tested specimens bore to the elastic deflection. Figure
18 shows, in effect, this reltition for the specimens tested
under combined axial and bending loads. The abscissas are
the ratios of the maximum total bending moment M prmhced ._

.
..-.
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by the transverse load and the ax-ial load, computed bY
elastic theory (see appendix B), to the maximum bending
Jmoment Mb ~roduced by the transverse load alone. The

ordinates are the ratios of the observed maximum total
‘bending moment ~ to M%. A straight line

(15)

expressing the relation for low values of ]$/tib is shown

in the figdre. The relation is inadequately defined for
high values of M/Mb but the equation

1

:-1

—.

i-l
FI; (=4.4+? &-306\,;&>3.6’-

/,
(15a)

may be used if necessary in the absence of other informa–
tion. If the specimens tested under combined axial,
bending, and torsional loads were” treated in the sahe way
the points representing them would in general fall below
those shown in figure 18. If the”data were sufficiently

. good, it would be possible to draw a series of curves be—
tween tha lines reprosonted by equations (1~) and. (lsa) -
and tho (dotted)line for the elastic case, M/~tb = M/M~

each. of these curves” representing some condition of tor-
sion; but the data are not- eood ,enough.

It should be emphasized that “equatiqns (15? .

and (15a), applied to other conditions of loading than
those of the tests or to tubing with stress-strain curves . .
diffe~ing widely “in shape from those of the tests, are
nothing tiore than arbitrary expres,sions-for reducing
Youngls noduzus to make it possible to.estimate the ef-
fect of plastic deflections l)y elastic theory. Those
equations are substantiated by OUIY a limited number of
tests made under Special conditions of loading (symmetri–
cal two—point loading) and represent conditions at fail—
ure for this type of load. If torsional loads are added, ,
the equations become conservative.. Nothing is known as
to bow good the relation is.for other types of bending
load. On the other hand, consideration of the whole pic- J
t-~re combined with engineerifig Judgment makes it seem
that equation (25) may be exploited without too much trep- . , _
idationi
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!I!odesign a tubular member subjected to axial load
combined with bending load or bending load and torsional
load, proceed as follows, Select a trial section, compute
M/Mb from the known load and dimensions, and then compute
~/Mb and thus ~ from equation (15). From this value of —
R, comput e fb,

xfb=5

Compare the value so obtained with the allowable value
from equation (13) or equation (14). It may be noted that
tables of the three–halves powers and the five-halves
powers of numbers, such as,reference 8, are of material
assistance in solving equations (12}, (33), and (’14).
Charts may also be constructed to facilitate the solution
of these equations.

Example..

It is desired to design a tubular cantilever member,
to carry an erid thrust P = 16,000 pounds, a bending
moment Xl = 54,000 pound–inches applied at the free end,
and a twisting moment Mt = 25,000 pound–inches applied
at the free end. The length ~ of”the member i.6.62
inches . The modulus of elasticity may be taken as
29,500,000 pounds per square inch.

,

Zry a section 3 inches in outside diameter by 0.120
inch thick. For this section d t = 25.0, A = 1.986

[square inches, I = 1.128 inches , Z = 0.7518 Indh .
Then . —

fa =
160:00 = 14,’730”
1.086 ..-

and, from equation ,(9),

f~ = 187,600 ,
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so that

Also “
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.,

fa

TA = 0.0’785”

25000
‘t = = ,16,630

2 X 0.’7518

and, from equation (11),

frfl= 96,330

so that

ft-

?<
= 0.1’726:

The allowable value of f~/fB may now be obtained from

equation (14). Substituting in the values just found for
fa[fA &n& ft/fT and solving for’ fb/fE gives

,
-n

J
.-

In order to obtain the actual value of fb , the

maximum bending moment ~ must be known. By elastic
theory (see appendix 3, equation (35)) for the given con—
ditions of loading . .

M

/

.16000

E;
= sec 52 = 2.395 :

29500000 ‘X 1.128

and fron equation (15)

—-.

—.

.
—

1

.-

#
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.

Consequently,

fb =
2.824 x 54000 = ~02 800

1
0.?518

.

and, from equation (10),

fB = 228,200

.

so that

fb
= 0.8%9 “

q

Since this value is less than the allowable value of
0.893, the 3–inch by 0.12&inch tube is satisfactory. .

National Bureau of ’Standards,
Washington, D. C., October 2, 1942.

.. .-

APPENDIX A

ESTIMATION Ol? THE COMP.RXSSIVE YIELD STRENGTH

AND YOUNGIS MODULUS.

After the beginning of the investigation, the me-
chanical ~roperties of a single tube were found to” 1“-6‘-
quite varia’ble along its length” and the compressive yield
strength, for example, of a sin’gle compie=”=<ve s~--etimen
could not be taken as that of other specimens at some -
distance from it. It was therefore found necessary to do
what could be done to estimate the compressive yield.
strengths of these other specimens”.

..-——
.- ——-.-—.—

After the variability was discovered, two compres—
sivo specinens were taken from each tube; but unfortu–
nately some tubes had been use~ up by this time, from
each of which only one compressive speeimen had been cut.
men two compressive specimens exist~d for a tube, the.

-— .-
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,

moduli of elasticity and the y,ipld,~trengths of inter-
mediat-e specimens were obtained by linear interpolation
between the values for,the two compressive specimens. ~ 1

. When a tube bad only one compressive specimen but .-
also one or more crinkling specimens or a tensile Speci-
men not adjacent to a compressive specimen, the compres—
s.ive yield strength of the crinkling sp?cimen (or speci-
mens) or of- the tensile specimen was estimated by the
procedure to be explained. The compressive yield strengths
of intermediate specimens we~e then obta~ned by linear
interpolation, as mentianed in the last F.aragraph. —

The moduli .of el~sticity and the compressive yield
strengths of “all specimens b-etween an end of a tube and
the nearest specimen for which these quantities were
kmown, or.had been estimated, were taken equal to the

-.

values for the nearest specimen.

The following procedure was adopted for estimating
the compressive yield strengths of crinkling specimens
and of tensi,le specimens not adjacent” to compressive

.

specimens. If there were no variation in properties .

along the length of a tube, the compressive yield strength
of such a specimen would be that Of the compressive specf—
men. Denote this yield strength”~y X. In the case of a ,

crinkling specfmen tho crinkling strength, fA, and the

ratio of--diametc-r to thickness, d/t, are known. If the
modulus of elasticity, E, is assumed to be the same as
that of tho compressive specimen from the same tube,
equation (2) may be solved for the compressive yield
strength that the crinkling spacirnen would have had to
have to satisfy equation (2).” Dedote this yield strength
by x~. The “truon yield strength, S, for specimens be-
tween the crinkling specimen and the compressive speci–
men will presumably lie betwsen X and X?:

.

‘(16)

Iiere X2 an& X2 ‘ are corrections tm be applied to X and
xl , respectively, to bring about the equality (16). The
values ‘of X2 and X2; were determined as follows.

.

Might sets of observations, on tubes having two compres-
sive specimens each, indicated a maximum variation in com- ,

pressi.ve yield strength of 184 pounds per square inch per
inch . Denote by xl the product :cf 184.and the distance
between the middle of the compressive specimen and the
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.

,

.midiile,of -the

therefore the

cr inkling vspecimen. The value of , xl is
maxinum value hy which the yield strength

of the crinklzng specimen may be expected to depart from “
that of %.He colnp-r’essi.ve s-pecimen. On the other harid,.28
Observa.tioris on compressive s~e.cimens indicated a maximum
d5paX@re of 0.020 in ~A., from the v~lue given by equa–
. . .. . . .

t~on (2,). Denote by I
‘1 * ,the quantity EXf.

U&
That

...
is, Xlt is approximately the maxim= value iy whtch the

Anyield. strength of the cr .=kling specimen may be expected.
to differ from the yield strength determined for it from “- ‘-–
equation (2). Now, assuqe the corrections X2’ an ii X2 ;
to be determined from equation” and the relation

. . .- -.
.. . . ~= t

nl=lf ‘—=
X2

1
‘1 xl

.,

(1?’).
.’

wher e and !
‘1 nl are the numbers of observations in

the two sets “discusded: namely, 8 and 28, respectively.
.

*2 ‘It is reasonable that ~ should vary, roughly, inverse-

ly as the numbers of observations in the two sets and
directly as the maximum errors in the two sets.

The procedure for estimating the compressive yield
strength of ‘~ tens”ile specimen not adjacent to a“ compres—
sive specimen is essentially the same as th”at just ex—
plained. In” this case, Xl is the yield strength from
equation (1), and t

‘1 is ‘7350 pounds per square inch,

the maximum departure of an observed value from that given
by equation (1). There were 17 observations for determi-
ning equation (l), so that nll = 170

Elimination of X2 and Xat from equations- (16) and
(1’7) gives

—.—
~

‘1 xl
~t

l+-
fx

s =x
nlxl

rx
(18)

‘1 1
.

1+
‘1%

t

.
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The application of -the procedure to a specific ease
will be illustrated. The modulus of elasticity and the
compressive yield strength of specimen l~D-C were
29~040~000 and 183,700 pounds per square inch, respec-
tively. The crinkling strength of specimen lHD-A was
179,700 pounds per square inch and its ratio of diameter
to thickness was 30.80. If f

#
= 179,700, E = 29,040,000,

and d/t = 30.80 are substitu ed in equation (2) and the
equation is solved f-or the compressive yield strength, it
is found to be 172,700 pounds per square inch. The cor-
responding value af ~A is 1.941. Put

x %= 183,; O

~t = 172,700 -

The distance between specimens lHD-C and IHD-A was 44.75
inches and therefore. xl = 184 X 44.75 = 8234. The value

of X1l ~~ Xlt = - X 172,700 = 3318; nl = 8,
1.041

and

for the crinkling “specimen nl f = 28.- Substitution of all
these quantities in equation (18) and simplifying gives
s = 173,800.

.

.

.

,
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✎

.DPENDIX B
.

ELASTIC DEFLIICTION OT BEAMS UNDER COMBINED LOAD
●

Suppose that a beam iS ~oade~ axially hy equal and
opposite compressive forces P and further that other
forces, such as transverse forces, are applied to bend
the beam. Then, the bending moment M at any cross sec–
tion may be written as

M =Mx-Py (19)

wh ere M= is the portion of t’he moment produced by other

than the axial load, and y is the deflection. The
equation of the elastic curve of the beam is

.
~1 a2y

—=M “(20) .
dx2 .

.

where I is the least moment of inertia of the cross–
sectional area about an axis normal to the ylane of bend-
ing, and x is measured in the longitudinal direction of
the beam; From equations (19) and (20)

S& + P’ . MX
&x2

. .. ..
EY-y ii

...—

If the beam is of uniform cross section, the integral 0$
equation (21) may be written in the form

23X” “
Y = ~ + Clsin ax + Cacos GX

–*(stn ax$sin ax= dx + cos ax~cos ax ~ dx (22)
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from which

.
..

—

1 (
~aM d?Mx

.—
P Cos “CLxfcos ax Jc’Ix+- sinaxjsinax — )

a.x) (23)
6X2 ax~

where the ‘arbitrary constants of ~nteg~at ion, c1 and Czj

(24)

lt may be noted that the parentheses in equations (22) and
(23) and the sum of the last two terms of equation (24)
become zero if Mx is a linear function of x.

The constan~s of integration “for”a few conditions of----
loading will be determined. First take the symmetrical
case of the tests: namely, two equal transverse loads each

situated a-distance ~ from the nearer support, where
2

OSkSl, and 1 is the length of the beam. MX is .
everywhere linear in x, and from equations (22) and (23)
if Mb denotes the maximum moment produced %y the trans-

verse loads and the origin is taken at one end of the beam,

for O S X S k$, .

2MbX

Y = — + cl’ sin ax -: c~t Cos ax
Pk 1

dy 2Mb
—=—-+ Clr acosax- C23a.sinax
dx Pk 1

(25)

—

s

J-

(26)
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Mb
Y= y + Clsin CLx -i-C2 Cos ax (27)

Fx = Cza cos ax — C!=ctsin ax (28)

When x = O, ‘y = O; and therefore Cat= O. When ~ =k~,

(aJ
yequat ion( 25) = yequation(2’7)J and

ax) equation “

()

c@ 1 d~
= dx equatioh”t~). Moreover, when x = ~, dx = O.

These conditions gf~e .

Clisin k$a = ~lSin k:a + C=COS k;a

Elimi.natiqn of Cl: from these equations, and solution

for Cl and. Ca give

2Mb
cl=–— zsin k~a tan —a

Pkzci z

The maximum bending moment occurs at the middle of
the beam, and when the ~alues just found for Cl and

c ~s together with x = ~, are substituted in equation,

the maximum value for #- assuming elastic action, is
b .

(29)

—
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It is.from this equation that the abscissas of the points
of figure 18 were com,puted.

I?or the case of a beam carrying
trated load at the middle, k = 1:

a single concon~

—

(30)
—

—

Yor the case of a beam loaded by couples at the
ends, k = O:

If ? is replaced by “2Z ii equation (30), the
caso of a cantilever beam loaded by a con,cbntrat9”d fbrc~
at’the free end is obtained:

If 1 is replaced ?)y 21 in equation (31), the
case of a cantilever beam loaded by a couple at the free
end is obtained:

(33)

l?inally$ the maximum value af ii/~~b for a uniformly

loaded beam will be determined. In terms of the maximum
moment li~ produced %y the transverse load .“

Ilquation (22) becomes

PT(’-i)

4~ib ~ 8Mb
Y=-— -1-CISin ax + C2cos ax + —p 7#2a2

.

. -.

—
—

.—

-.

..,-
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and for the determination of Cl and Ca when .x = O

or :1, y=o:

8Xb 1 – COS at
cL =-—-

E’22a2 sinal

The maximuz value of M /M~ is at the middle of the learn,

and substitution in equation (24) of the values of Cl

and C~ just found., together with x = ~, gives

(34)
—
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TmLE I,– NOMINAL CROS S-SX!CTIONAL PROPERT IXS OF TUBXS

Outside Thickness Cross— Section
Symboi diameter, of wall , + sectional modulus,

area,

I
(i~. ) {il. ] .(i~.3)

(sqAi.n.)-.

L - “1 0.065 15.4 0.1909 Q.0419
Y “1

i

.035 35.7 .1336 .0395
D .“1 .049 30.6 .223-4 .0785
F 1 .065 23.3 .2930
A 1+

.1008
.120 X2.5 .5202 .1664

~A~L~ I’. _ N3CEANICAL PROPERZ! IES OF TUBES

r
I KENS ION

Speci–
men

lHL–T
2EL--T
3HL-!I
411L—!P
5HL-T
6HL-T
lHY–T
2HY-!I!
2HY-T 1
3EY–T
4HY–T
5HY–!2
lHD–T
213D-T
3ED–T

●

4HD–T
lHF–T
2HlQl!.
3HF–T
lHA-!L!
2HA–T
\3HA–T

Youngt s

modulus ,

(lb/~q in. )

29,400 X 103
28 ,700”

29,200
29,000
29,100
30,000
29,300
29 ~400
29,200
28,800
28,500
25,200
28,500
28,800
28,900
28,200
29,500
29,100
29,300
29,500
29,300
29,400

0.oo2–off–
set yield
strength

(lb/sq in. )

168,000
165,000
168,000
168,000
1’71,000
176,000
158,000
156,000
172,000
181,000
1’75,000
1’70,000
167,000
163,000
16’7,000
161,000
1’73,000
169,000
16’7,000
155,000
169,000
161.000

i/7 E—secant
yield

strength
(lb/scf in. )

168,000
165,000
168,000
169,000
171,000
176,000
158,000
156,000
173,000
181,000
175,000
170,000
16’7~000
164,000
167,000
162,000
174,000
170,000
168,000.
156,000
160,000
162,000

Tensile
strength,

(lh~sq in.)

181,000
179,000
383,000
183,000
185,000
192,000
168,000
164,000
18’7,000
192,000
185,000
178,000
183,000
174,000
180,000
171,000
187,000
184,000
180,000
176,000
178,000
181,000 ~

Elonga–

tion in
2“ in.

(percent

9
9
9
8
5
5
5
‘7
5
5

6
7
5
5

11
7
6
7

8
8
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TABLE II.– MECHANICAL PEOI?3RTIES.OY TUBES (Concluded)

Specimen

lHL-C
lHL-C!l
2HL-C
2HL–C1
3HL-C
3HL–cl
4H11-G
5HL-C
6HL-C
lHY–C
21iY-c
3HY- c
4HY-C
5HY–C
lHD-C
2HD-Cl
2HD-CI
3HD-C
3HD-C 1
4HD-C
4HD-C1
lHF–C
2HE-C
3Hl?-C
3HY-C 1
lHA–C
I.HA-C1
2HA–C
3HA–C

00MY.WSSION

Youngts :
modulus ,

29,800 X103
29,800
29,600
29,800 :
29,200
29,500 :
29,’700
30,000
29,800
30,000
29,900
29,400 “-:’
29,300
29,200 .
29,000 ~
29,300 :
28,700
28,900 ~
29,200
;;,:;:”

29 ;400
29,800
29,200
29,300
29,900 : ~~
29,800
30,100
29,300

5/7 E-secant
yield

strength
(lb/sq in. )

179,000
1’73,000
175,000
179,000
1’76,000
1?4,000
182,000
179,000
186,000
186,000
188,000
190,000
196,000
1’73,000
184,000
172,000
182,000
177,000
185,000 0
181,000
182,000
188,000
184,000
171,000
173,000
1’70,000
166,000
171,000
169,000

—
.

.

.

.

. .



Specimen

3HA–C
lEA-C1
lHA–C
2HA–G
2HA-A2
2HA–A3

2EIL-C
5SL-C “
3HL–C
4HI!-C
lHL–A1
lHL-A
‘lIIL-c
lHL-c 1
3HL–cl_
2HL–Cl’
6HL:C

2HF–C!
1112?-A1
lHF-C
3HY-C
3HF–C1
lHl?-A

IHD–A.
3HD-C
1H3-C
4HD-CZ
3HD-C1
2HD-C
2HD- c1
m–c

5iZY-c
lHY–-A
211Y-C
Afiy-C

lHY– C
311Y-O

TABLE 111.– AXIAL !KGSTS

12.11
12.25
12.29
12.33
12.33
12.33

15.23
15.26
15.27
15.28
15.30
15.31
15.31
15.32
15.35
15.40
15.40

22.97.
23.15.
23. I.7
23.23
23.23
23.23

30.80
30.86
30,86
30.9’7
31.03
31.05
3~.~o
31.14

34.18
34.30
34.33
34.75
34.90
36.20.

Cr ink+ ing
strength,

fA

(lb/sq in. )

194,600
191,000
~94,.7oo
198,800
200,800
200,800

194,100
200,100
194,300
204,300
198,900
195,200
198,300
192,300
194, ?00
195,300
204,300

198,800
19’7,700
200$100
183,800
187,900
191,300

1’79,700
181,000
192,000
189,700
194,000”
177’,700
190,600
186,700

174,600
174,700
188,400
202,000
185,900
189,600

15.64
15.96
15.56
15.49
15.14
15.11

11.92
11.’?’7
11.61
11.40
11.85
11.71
11.65
12.06
11.82
11.57
11.-15

7 ;36
7.21
7.:04
7.68”
7.60
7838

5.61
5.48
5.29
5.3’7
5,24
5.67
5.23
5.31

5.09
5.31
4.78
4*43
4.’77
4.40

~A =

fA

-F

1.154
1.151
1.144
1.160
1.145
1.143

1,112
1.119
1.102
1.120
1.129
1.096
1.108
1.114
1.118
1.093
1.101

1.079
1.074
1.062
1.0’74
1.085
1.068

1.034
‘1.024
1.045
1.044
1.048
1.034
1.046
1.032

1.009
1.028
1.004
1.031
1.001
.998

..

37
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Specimen

F
lHA–B
LHA-B 1
lHA–B2

lHL-B 2
lH1-B 1
lHL-B
5HL–B
6H11-B

2Hr–Bl
2H17-B2
2Hl?-B
lHI?-B2
lHF–B
3HF-B
3HI?-B2
3HT-B 1
lHI?-B1

lHD-B
lHD–B1 .
4HD–3
2HD-B
2HD-B 1

2HY-B
2HY–B 1
5HY–B
3HY-B
.-

NAC.A ITechnical Note No. .896
.

!l?ABIJEIT.- BI!NDIN
—

Q
t

12.29
12.30
12.31

15.28
15.31
15.31
15 .4.0
15.40

23.06
23.06
23.06”
23.17”
23.18
23-;23
23,2$
23,23
23.23

30.90
30,97
30.97
31.05
31.10

34.21
34:25
34.53
36.10

Modulus
of rupture

(lb~~q in. )

256,000
256,900
255,600,.

248,100
241,700
248,600
256,300
247,400

234,200
23”2,500
220~200
241,100
246,400
236,400
228,800
228,200
235,300

226,200
218,500
220,900
228,600
220,500”

236,000
230,200
21’7,000
211,100

—

, !TES!i!S

1“””-=
6

Et

Sdm

15.56
15. ?0
15.82

.11.89
11*74
11.65
11.65
11.15

7$.33
7.33
7.33
7.20
7.03
7;64
7..6.0
7,60
7.33

1

5;29
“5.57’
5.37
5.37
5,23

4.83
4.87
5*O4
4.41

aB =

fBd~

Sci

1,382
1.402
1.410

1.320
1.272
1.297
1.340
1.246

1.216
1.207
1.144
1.253
1,251
1,314
1,264
1;261
1.245

1.19i
1.227
1.176
1.236
1.170

1.231
“1,211
1.217
1.080

I

—

-=——:--- —-
,“

—-

.

. .

,
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TABLE v’.— !I?ORSIQ?TiLLTESTS

Moduius - ‘~6& - TT =
aSpecimen : of ruyture
z fT

() -

“f@m
X%A

(lb/sq in. ) F d. ‘d

IJIA-ToI 12.29 109,600 2.787 0,595
lEA-T 02 12.31 116,800 2.799 .641
lHA–T o 12.31 l~l,goo 2.77’3 .604

5HL-T o 15.26 110,’700 2.134 .579
lHL–T02 15.28 114,200 2.155 .611
lEL-T 01 15,30 108,600 2.136 .574
lHL-T O 15.31 112,700 2.117 .588

lHI?-T01 23.15 106,600 1.334 .558
l131?-TO 23.16 102,900 1.308 ,523
lHT-T c!2 23.17 101,800 1.327 .529
~F_T o 23.32 91,’700 1.369 .507

lHD–T O~ 30.80 95,800 1.007 .525
3EV–T O 30.90 98,300 ..975 .514
~D–T o 31.00 92,200 .975 .48%

5HY–!?o 34.18 92,900 .921 .521
2HY-T!o 34.25 101,800 ‘ .891 .533

39

—

—.
-,



Speoimen

aI&-AB3
2HA-AB2
2HL$B
UZL-AB1

lKL-AB

2HF-AB

2HF-ABl

lHD-AB

lHD-AB1

UmuB2

2RY-ABl

21TY4M

L-
2mu3
mY-AB2
ma

,.

+

12.30
12.31
12.31
15.32
15.32
22.86
22.9$
$.;;

30:97
34.21
34.30
34.30
34.30
34.30

Add

stress,

f~

(l~lsclin.)

12,500

39,700
4,Kxl
64,5cQ
43:;:

5g,6M
63,503
2J,9C0
46,100
142,goon
125,400
12a,800
117,1OV
90,500

,..,

Eending
strOsh,
fb

(lb/Bqin.]

227’,goo
191,400

● ,234,5cd
90,7C0

$187,400
163,5c0
157,700
132,000
209,300
171,6@2

;::;:

73,1~
p“,aoo’
g2,000 .

I - .

~“ =

lilt

~“

15.15
15.14
15.14
12.03
11.9%

7.39

;::;
5.60

5.57
5.15
5.50

5.37.
5.25
5.01

‘a =

t&

s

.071

.226

.026

.4’88

.251

.286

.3M

.366

.136

.27’/

.s17

.768

.723
“.6a5
.505

.——
(Jb .

fb~

Sd

1.191
1.001
1.226
.490

1.OCW
.m+l
.KI.9’
.735

1.165

.955

.J99

.311

.425

.406

.4gg

I

.062

.199

.025

.4U1

.227
,265
.295
.3s2
.133
.267

.797

.741

J#6

.!95

1.

%.
9ZJ

. ap

.732

.i7g7

.37~

.77
i
:6;?
.606
.962
.789
.167
.2y3

‘.3g

?2:0
.

%
m

1 I



Specimen

yu-m.
~-m?l

3H.&-aT2

2HA-B!?

2EL-BT3
21EATZ
2EIAI!4
Jim-a’
pAsm
2E?-B!C

m-ml

2HKBT2
p-BT
yw-ml

m-w

2BD-BT!l

2BIKST2

23D-Hllj

~IIT

~-BE!?l

3HY-BT5
3ErMi?4
3HY.BT3
31U-BT2
yIMITl
~-B’Z

&
t

12.10
12.10
12.11
12.p
15.23
15.25
.15.27
15.30
15.30
23.06
23.06
23.06
23.27
23.27
31.05
31.05
31.05
31.05
31.lj
31.15
36.10
36.10
36.49
36.71
J6.Tg
J6.gg

Tl@iE’VII.- COi.BDIEDBEllll~GAl%DTORS1ONAL!NISTS

.—

%rlMng

stress,

fb

(lh/sq in. )

Fm,loo
163,300
39,700
217,000
30,700
74,9CQ
107,700
203,wo
173,100
rjl,loo
~ ,300
1QD,9,QQ
205,800
lj’2,TO0
94,200
72,400
48,100
21,700
181,100
161,900
la.,200
153,~oo
101,900
80,500
27,600
56,100

Torsi,onsl

stress,

‘t

(lb/sqin.)

70,J300
99,200
111,400
76,200
111,000
106,900
lo3,10fj
74,200
139,600
lo2,’po
100,500
96,500
66,200
77;600
90,100
93#p
95#300
93,100
59,100
73,1@3
5a,goo
69,200
93,700
99,600
104,7(M)
102,000

15.66
15.66
15.64
15.15
11.92
11.90
“11.s0
11.56
n. 5%

7.33
7.33
7.33
7.66
7.66
5.67
5.67
5.67

h
5.6

5.
5,42
4.41
4.41
4.36
4.34
4.33
k.32

2. go6
2, go6
~.gr)j

2.7’29

2.@k

2.150
2.137
2.109

2.109
1.346
1.346
1.346
1.3%1
1.3fn
1.023
1,023
1.023
1.010
.991
.991
.a21
./321
.KL2

.~oi3

.ZQ6

.go4

CIb =

5$

1.186
..%33

.216
1.135
.164
.401
.571

1.Ogo
,glg
..265
.401
.524

1.150
.965
.531
.4CM
.271
.120
.992

. tW6

.927

.7~7

?
22

: 12

.141

.2g7

T=

f~~

-%-

O.yiy

.539

.606

.398

.594

.572

.547

*393
.475

.533

.522

.501

.70
{34
:508
.524

.537

.516

.324

.400

.302

.354

.4s0
,510
.536
.522

). gyi

.639

.156

.a30

.126

.309

.441

.1335

.709

.211

:$;
.911
. 64
i. 38
.336
.223
.099
.%A
.736
.603
.681
.453
.yjg
.123
.250
—.

T

~

.—

o.621
.%6g

.977

.646
1.022
.gs5
j;

,d20
1,000
.979
.940
.692
,$3U
,990

1.021
1.047
1.006
.634
.783
.603
.707
.gy

1.020
1.072
1.044



Specimen

yIA-ml

yul-JLaz

@L-A3Tl

M3L-D’I!

211AJ3T

g3%2

3HL-AB’M

3EI?-ABT

4BD-ml
p-m
3HD-ml
@IM3T2
WEMBl!

E%3

43Y-Km5
4Ei-m4
4m-m
kT-m3
ktLJa3!2

~!!? V’III. - COME51E0 ML&L, E3NDIITG, MI TOESI02WL TESTS

&~ .

12”.20
12,21
15.26
15.2~
15.33
15. j
15,.L
15,.40
23.2.3
30.91

P.:93
3Q.99
31.p3,
31.03
JL.16
34.v
34.75
34.75

3?.7~
34,1J5
34.97

Axial

stress,

fa

:lbfsq in. )

29, ti.o.
32,700
1 ,m3

{ ,7Q0
1%,300
12,90u
1,3W’
10,6cQ
19,@d
14,800
53,bo
3a,50G
12,2@.

25,2cm

36,100
29,100

,,15,000

z
,600,
,300

: 2k,MJ0

5,CIJ0

Bending
stre9s,”

f~

:N1/s$qin.)

197,1.00
169,500
177,300
a7,6m
168,900
197,aoo
23s,600
200,7(XI
Mo,loo
ly3,400
144,600
203,300
202,304
lgh,ocm
l/33,0al
171,200
222,600
209,500
201;600
196,200
2a,600

Torsional

stress

f~

lb/sq in.)

20,203

40,500
43,000
47,300
20,600
20,m
31,000
31,1MI

;;;;:

40,6cm
40,200
20.,y?o.
30,900
20$600
52,5c0
22,300
44,700.
22,300
33,600
33,600

. . \.

1-.
6

E&
San

%
1.41
1.40

1.67
1.61
1.72
1.64
7.60
5.36
5.41
5.31
5.34
5.32

5.33
4.43
4.G3
;.:;

4:42
4.40

.,-

&=

o~&
s .al

2.7sI
2.779
2.091
2.OW

. 2.W3

2.Q1

2.121

2.110
1.375

-9g7
.993
,979
.9E!3
.ggl
.g%o
.835
,835
.&J
.S3i
x$
.g2g

‘a =

f_a
s

1.174
.194
.076
.02~
.lo~
,.073
.007
.060
.IJ1
.ot32

.2gL3

:%

.140

.199

.14s

.077

.043

.022

.123

.025

. .
u~ k

f;~

-m-.

1.073
.922
.gog

1.115
-993

1.051
1..279
1.071

.995
1.059
.781

1.075
1.079
1.037

.975

..@w
1.io3
1..03?3
.999
.972

1.Ogg

?5

f-v% ~~

-%1- o~ .

o.ilo 0.15?
.220 .i6g

.220 .06$

.243 .024

.1OI3 .093

.L.11 .066

.166 .Ootj

.366 .054

.Z20

.S3+ ::;

.220 . 2g4

.2Y.3 .205
-.l$lg..06~
.165 .136
.110
.260 :;g
.U.l .077
.221 .049
.110 .022
.166 .123
.167 .025

1.7?6o.17a
.6b7 .35$
.702. .381
.862. .4+
.767 .186
.H2 .192
.987 .2&37
.827
.7W :Cl
.%2 .321
.649 .430
.ag7 .+17
.W3 -.213
.864 .323
.812 .215

.733 .5M
“.953 .221
.gg7. .440
.g63 .Zlg

.g41 .33

.951 .333

I
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compressive speaimens.
Bending specimens.
Torsional speoimens.
Oombined axial qnd bending speoimens.
Oombined torsional and bending speoimens.
Oombined axial? bendingq and torsional speoimens.

,~igure I.— Specimens after testing.
.
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Figure 3.- Relation of compremive yield stren@h to tensile :-
FiCure 4.- Variation of fA and f~ with d/t. strength. m
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Figure 8.— Test setup for combined axial and bending tests.
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Figure 9.— Pillow blink assembly and plugs for oombined axial and bending tests. to
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Figure 14,— Grips and plugs used for tests in oornbined bending ~ torsion.
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Figure 11.- Relation between ~and ~.
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Figure UP— Setup for combined bending and torsional tests.
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Figure 13.-Detall of test setup foz tests in oombined bending and torsion.
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Flguae 15.— Setup used in ambined axia13 bending? and tor-
sional tests.
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Figure 17’.- Trace of .surfac.qrepresenting
results of combined ax~al,

bending, and torsional tests.
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